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Abstract: We show the existence of some new local, covariant and continuous symmetries 
for the BRST invariant Lagrangian density of a free two (1 + l)-dimensional (2D) Abelian 
f/(l) gauge theory in the framework of superfield formalism. The Noether conserved charges 
corresponding to the above local continuous symmetries find their geometrical origin as the 
translation generators along the odd (Grassmannian)- and even (bosonic) directions of the 
four (2 + 2)-dimensional compact supermanifold. Some new discrete symmetries are shown 
to exist in the superfield formulation. The logical origin for the existence of BRST- and 
co-BRST symmetries is shown to be encoded in the Hodge decomposed versions (of the 2D 
fermionic vector fields) that are consistent with the discrete symmetries of the theory. 
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1 Introduction 

The superfield approach [1-5] to Becchi-Rouet-Stora-Tyutin (BRST) formahsm is a well- 
established technique which provides the geometrical origin for the existence of (anti-)BRST 
charges as the generators of translation along the Grassmannian directions of the com- 
pact supermanifold that is parametrized by the spacetime coordinates and two extra anti- 
commuting (Grassmannian) variables. In fact, in this scheme, the {p + l)-form super 
curvature tensor for a p-form {p = 1,2,3, ...) gauge theory is restricted to be flat along 
the Grassmannian directions of the supermanifold. This restriction, popularly known as 
the horizontality condition |, leads to the derivation of the (anti-)BRST symmetry trans- 
formations for the Lagrangian density of a p-iorm gauge theory. In this derivation, the 
mathematical power of the super exterior derivative d alone (which is only one of the three 
de Rham cohomology operators of differential geometry) is exploited when it operates on 
the super p-form potential of a p-form gauge theory to make it a {p + l)-form curvature 
tensor through Maurer-Cartan equation. Thus, it is an interesting endeavour to explore 
the possibility of the existence of some new local symmetries by exploiting the other two 
super de Rham cohomology operators {6: co-exterior derivative; A: Laplacian operator) of 
differential geometry and find out their geometrical interpretation in the language of some 
kind of translation generators on an appropriately chosen compact supermanifold. 

The purpose of the present paper is to show the existence of some new local, covariant 
and continuous symmetries for the free 2D Abelian gauge theory that emerge due to the 
operation of super co-exterior derivative S {S = —*d*, 5^ = 0, * = Hodge duality operation) 
and super Laplacian operator A (A = dS + Sd) on the super one-form connection A together 
with the analogue of the horizontality conditions w.r.t. these super de Rham cohomology 
operators. In fact, we demonstrate that (anti-)co-BRST symmetry- and a bosonic sym- 
metry transformations emerge when we exploit these super cohomological operators on a 
four (2 + 2)-dimensional compact supermanifold and they turn out to be exactly same as 
the new local symmetries obtained recently in a set of papers in the Lagrangian formalism 
alone [11-15]. It has been established in these works that the 2D free- as well as inter- 
acting (non-)Abelian (one-form) gauge theories provide the field theoretical models for the 
Hodge theory where all the de Rham cohomology operators find their interpretation as the 
local Noether charges that generate these new local, continuous and covariant symmetries. 
Such symmetries and corresponding generators (conserved Noether charges) have also been 
shown to exist for the four (3 + l)-dimensional free two-form Abelian gauge theory [16]. In 
these attempts, the local Noether charges have also been shown to refine the BRST coho- 

^This condition is referred to as the "soul flatness" condition in Ref. [6] implying the flatness of the 
Grassmannian components of the {p + 1-form) super curvature tensor for a p-form gauge theory. 

^On an ordinary Minkowskian manifold parametrized by the spcetime co-ordinate x^, the exterior 
derivative d {d — dx^d^^d'^ — 0), the co-exterior derivative 5 [5 — ± d *\5'^ = Q,* = Hodge duality 
operation) and the Laplacian operator A(A = (d -f (5)^ — d5 -\- Sd) constitute what is popularly known as 
the set (c?, (5, A) of the de Rham cohomology operators. These geometrical operators obey: 5^ = 0,d^ = 
0, {d, 6} = A, [A, d] — [A, (5] = implying that A is the Casimir operator for this algebra [7-10]. 
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mology [12] and define the analogue of tlie Hodge decomposition tfieorem(HDT) | in tfie 
quantum Hilbert space of states [11-17]. Exploiting these ideas, it has been shown that 2D 
free (non-)Abelian gauge theories belong to a new class of topological field theories (TFTs) 
[17]. However, in all the above attempts, the geometrical origin for the existence of these 
charges has not yet been discussed. In the present work, we show that the (anti-)BRST- 
and (anti-)co-BRST symmetry generators (conserved and nilpotent Noether charges {Qb)Qb 
and {Qd)Qd respectively) are the translation generators along the Grassmannian (odd) di- 
rections of the (2 + 2)-dimensional compact supermanifold and they owe their origin to 
the super cohomological operators d and 5. A bosonic symmetry, generated by the Casimir 
operator, turns out to be the translation generator along the bosonic (even) direction of the 
supermanifold and its origin is encoded in the super operator A. This even (bosonic) direc- 
tion on the supermanifold is equivalent to a couple of intertwined Grassmannian directions. 
The local conserved charges in the theory provide an analogue of the set (c?, 5, A). 

The outline of our present paper is as follows. In Sec. 2, we set up the notations and 
recapitulate some of the salient features of our earlier works [11-17]. Section 3 is devoted to 
the derivation of (anti-)BRST symmetry transformations through horizontality condition 
[3,4]. In Sec. 4, we exploit the super co-exterior derivative and derive the (anti-)co-BRST 
symmetry transformations exploiting the analogue of the horizontality condition w.r.t. 5. 
We discuss some interesting discrete symmetries and the Hodge decomposed versions of 2D 
vectors in Sec. 5. A local bosonic symmetry is obtained in Sec. 6 using the super Laplacian 
operator A. Finally, we make some concluding remarks in Sec. 7. 

2 BRST- and dual BRST symmetries: A brief sketch 

Let us start off with the BRST invariant Lagrangian density for the free two (1 + 1)- 
dimensional [] Abelian gauge theory in the Feynman gauge [6,18-20] 

A = -\ F^^-F^, - \{d ■ Af - id^Cd^C = \E''-\{d- Af - id^Cd^C, (2.1) 

where F^j, = d^A^ — dyAy, is the field strength tensor (curvature two- form) derived from one- 
form A = dx'^Afj_ (with An = vector potential) by the application of the exterior derivative d 
(i.e. F = dA = ^dx^ Adx'^ F^^). The gauge-fixing term (zero-form) is derived from one-form 
A by the application of the co-exterior derivative S (i.e. [d- A) = 6 A; 6 = —*d*] * = Hodge 
duality operation). Thus, in some sense, F = dA and (d-A) = SA are "Hodge dual" to each- 
other. The (anti-)ghost fields {C)C are anti-commuting (C^ = C^ = 0,CC + CC = 0) in 
nature. Under the following on-shell (DC = OC = 0) nilpotent {si = 0, = 0, SbSb + SbSb = 

§ This theorem states that, on a compact manifold without a boundary, any arbitrary n-form fn, {n = 
0, 1, 2..) can be uniquely written as the sum of a harmonic form hn{Ahn = dhn = Shn — 0), an exact form 
dcn-i and a co-exact form 5cn+i as: /„ = hn + <ie„_i + 5cn+i [7-10]. 

^We follow here the conventions and notations such that the 2D flat Minkowski metric is: -q^i, — diag 
(+1, -1) and □ = ?7'"'a^9, - (^o)' - [dif.e^, = -£^^ F^^=E = -e^^'^d^A, = d^A^-diA^ = soi = 

= +1. Here the Greek indices: /i, i', A... = 0, 1 correspond to spacetime directions on the 2D manifold. 
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0) (anti-)BRST transformations {sb)sb Q on the basic fields: 

SbA^ = d^C, SbC = 0, SbC=-i{d-A), , . 

SbA^ = d^C, SbC = 0, SbC = + i{d-A), ^^-^^ 

the Lagrangian density (2.1) remains invariant. The same Lagrangian density is also invari- 
ant under the following on-shell (DC = DC* = 0) nilpotent (s^ = = 0, SdSd + SdSd = 0) 
(anti-)dual BRST transformations {sd)sd on the basic fields [11,12,17] 

SdAf, = -B^i^d^C, SdC = 0, SdC = -iE, , . 

SdA^ = -e^.d'^C, SdC = 0, SdC = +iE. ^ '""^ 

We christen the above new continuous, covariant and nilpotent symmetry as the (anti-) 
dual BRST symmetry because it is the gauge-fixing term {d ■ A) = dA (Hodge dual to 
the curvature two-form F = dA) that remains invariant. In contrast, it is the curvature 
two-form F = dA that remains invariant under the (anti-)BRST symmetry transformations 
(2.2). The anti-commutator of the above two symmetries leads to yet another new bosonic 
type symmetry transformation s^ (s^ = {sb, Sd} = {sb, Sd}; s^ 7^ 0) [12] 

s^A^ = d^E-e^,d''{d-A) = -e^,aA'', s^C = 0, s^C = 0, (2.4) 

under which the ghost fields remain invariant. The Noether conserved charges (Qr) corre- 
sponding to the above continuous symmetries are the generators for the above transforma- 
tions [11-17]. This statement can be concisely expressed as 

Sr"^ = -i [^,Qr]±, Qr = Qb,Qb,Qd,Qd,Qw,Qg, (2.5) 

where brackets [ , ]± stand for the (anti-) commutators for any arbitrary generic field \I' 
being (fermionic)bosonic in nature. Here the ghost charge Qg {Qg = —i J dx[CC + CC]) 
generates the continuous scale transformations: C — > e"^C, C e^C, A^ A^ (where S 
is a global parameter) for the invariance of the Lagrangian density (2.1). 

Now we wish to discuss some of the discrete symmetries present in the theory. It is 
interesting to note that Sb ^ Sb under the discrete symmetry transformations : C ^ 
C, [d ■ A) ^ —{d ■ A). On the other hand, Sd ^ Sd when we take: C C, E ^ —E. 
Under yet another discrete symmetry transformations [17,15] 

C ±iC, C ±iC, E ±i{d -A), (d-A)^ ±iE, A^ A^, ±ie^,yd\ (2.6) 

the Lagrangian density (2.1) remains form-invariant and the symmetry transformations 
(2.2) and (2.3) are related to one-another. Furthermore, this discrete symmetry turns out 
to be the analogue of the Hodge * duality operations of the differential geometry as one of 
the key relationships: \l/ = ± * Sb *^ , {sd \l/ = ± * Sb * exists for any arbitrary 

"Here the notations, followed in Ref. [20], are adopted. In fact, in its totality, a BRST transformation 
5b is the product of an anti-commuting spacetime independent parameter rj and Sb (i.e. Sb = r] ^b)- 
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generic field \1/ of the theory [15,17]. The (±) sign in this relationship is dictated by the 
existence of the corresponding sign in the operation: * ( * \[') = ± ^ where * is nothing 
but the discrete transformations (2.6). The Lagrangian density (2.1) and the corresponding 
symmetric energy-momentum tensor T^^^ can be expressed, modulo some total derivatives, 
as [11,12,17] 

A = {Qd,Si} + {Qh,S2} = Sd (iSi) + Sb (182), „s 
where Si = ^ EC, S2 = {d ■ A)C and the local field dependent expressions for V's are 

The expressions in (2.7) establish the topological nature of 2D free Abelian gauge theory 
as topological invariants and their recursion relations have been obtained in Ref. [17]. The 
algebra amongst the conserved charges of the theory arc reminiscent of the algebra obeyed 
by the de Rham cohomology operators of differential geometry. Thus, the present theory 
is a field theoretic model for the Hodge theory and it represents a new class of topological 
field theory which captures some of the key features of Witten- and Schwarz type TFTs. 

3 Super exterior derivative and (anti-)BRST symmetry transformations 

We begin with the definition of a super exterior derivative (d) and a super one-form con- 
nection [A) on a (2 + 2)-dimcnsional compact supcrmanifold as [21] 



d = dZ^^ Om = dx^' + dO de + dO dg, 

A = dz^ AM = dx^ B^{x,e,d) + dd^x,e,e) + dd^{x,e,e), 



(3.1) 



where supcrmanifold is parametrized by the super space coordinates Z^ = (x^, 9, 9) with 
two c-number (commuting) spacetime co-ordinates x^ (with /i = 0, 1) and two Grassmann 
(anti-commuting) variables 9 and 6 (with 6'^ = 6'^ = 0, 99 + 99 = 0) and partial derivatives, 
with respect to these superspace coordinates, are 

d d d d 

9m = ^, 5. = ^, do^g^, do^-^. (3.2) 

The bosonic (commuting) superfield Bf^{x,9,9) and the fermionic (anti-commuting) super- 
fields: ^{x,9,9),^{x,9,9), constitute the component multiplet of a supervector superfield 
Vg, defined on the four-dimensional compact supermanifold, as [3,4] 

Vs = {b^{x,9,9), Hx,9,9), ^x,9,9)). (3.3) 

The above superfields can be expanded in terms of the superspace coordinates {x'^,9,9), 
the field variables of the Lagrangian density (2.1) and some extra (secondary) fields, as 

(x, 9, 9) = A^{x) + 9 R^{x) + 9 R^{x) + i 9 9S^{x), 
$ (x, 6*, 9) = C{x) + i9{d-A){x)- i9 E{x) + i 9 9_ s{x), (3.4) 
^{x,9,9) = C{x)+ i9 E{x) - i9 {d- A){x)+ i9 9 s{x). 
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Here the signs in the expansion are chosen for the later convenience. It is straightforward to 
see that the local fields Rf^{x), R^{x), C{x), C{x), s{x), s{x) are fermionic (anti-commuting) 
in nature and the bosonic (commuting) local fields are: A^{x) , S^{x) , ±E{x) , ±{d ■ A){x) 
in the above expansion so that bosonic- and fermionic degrees of freedom can match. It is 
interesting to note that the above expansion is such that: 6, 9)Y = 0, 6*, 6)Y — 

0, ^{x,e,0) ^x,e,e) + ^{x,e,e) ^{x,e,e) = O and [B^{x,9,9),B^{x,9,9)] = O. As a 
consequence, it is straightforward to verify that v4Av4 = |[A, A]=0. 

The super curvature tensor (two-form F) for the gauge theory can be constructed by 
exploiting (3.1) (i.e. F^dA + AAA). For the U{1) gauge theory 

F = dA= ((ix^ A dx") {d^B^) - {d9 A d9) (dg^) + {dx'' A de){df,^ - d^B^) , . 
- {d9 A d9) {de^ + d-g^) + (dx^ A d9) (9^$ - dgB^) - {d9 A d9) (dg^) , ^ ' 

where use has been made of the fact that the nilpotency of the super exterior derivative 
(d^ = 0) implies the following relations for the wedge products on the supermanifold {dx^ A 
dx") = -{dx'' A dxf"), {dxi" A d9) = -{d9 A dxf"), {d9 A dO) = +{d9 A d9) etc. Now the 
soul-flatness (or horizontahty) condition imposes the following restriction 

F^dA^l {dZ^ A dZ^) Fmn = F^dA^\ (dxi" A dx") F^^. (3.6) 

In the language of the component superfields of (3.3), the above condition implies 

dg^^O, dg^^O, dg^ + dg^^O, d^^^dgB^, d^^ ^ dgB^, (3.7) 

and the following conditions on the local component fields of the superfield B^{x, 9, 9) 

d^R, - d,R^, ^ 0, d^R, - d,R^, ^ 0, d^S, - d.Sf, ^ 0. (3.8) 
The conditions (3.7) lead to the following solutions 

Rf^ix) = d^C{x), R^{x) ^d^C{x), s(x) = 0, , . 

S^{x) = -d^{d-A){x), s{x)^0, E{x)^0. 

It will be noticed that the signs in the expansion (3.4) are chosen such that the condition: 
dg^ + dg^ — Ois satisfied trivially. Furthermore, the solutions in (3.9) automatically satisfy 
the conditions in (3.8). Now the expansion in (3.4) can be expressed as 

B^ {x, 9, 9) = A^{x) + 9 (sbA^ix)) + 6 {sbA^{x)) + 9 9{siSiA^{x)), 

^{x,9,9) = C\x) + 9 {sbCix)), (3.10) 

^ {x,e,0) = C{x)+9 {sbC{x)). 

We conclude that the horizontahty condition on the super two-form curvature tensor for the 
U{1) Abelian gauge theory leads to the derivation of BRST- and anti-BRST symmetries 
for the Lagrangian density (2.1). The corresponding conserved and nilpotent charges find 
their geometrical origin as the translation generators along the Grassmannian directions 



6 



of the super manifold. In other words, it is the power of d that provides the geometrical 
interpretation for Qb and Qb as translation generators (cf. (2.5)). Thus, the mapping is: 
d -x^ {Qb, Qb) but the ordinary exterior derivative d, is identified with Qb alone because the 
latter increases the ghost number of a state by one [11,12,17] as d increases the degree of 
a form by one on which it operates [7-10]. 

4 Super co-exterior derivative and (anti-)co-BRST symmetry transformations 

We operate the super co-exterior derivative 5 — —* d * on the super one-form connection 
A of (3.1), with the Hodge duality operation * defined on the differentials and their wedge 
products (for the case of (2 -|- 2)-dimensional compact supermanifold) , as 

* {dx") = e'^'idx^), * (de) = (de), * (de) = (do), 

i {dx'' A dx") = e'"', i {dx'' A dO) = i {dx'' A dO) = e^^", (4.1) 

5 {de A de) = 5 {de a de) = s^^, * {de a de) = s^^, 

where e^^ — —e^^^, e'^^ — —e^^ and s^^ — s^^ etc. It is obvious that the operation {5 A) would 
result in a superscalar (zero-form) superfield (as S reduces the degree of a super form by 
one on which it operates). The explicit expression for this superfield is 

5A = {d ■ B) + s'^^de^) + s^%d0^) + s'^^de^ + de^) 

- e^'{di,^ + s^.deB'^) - e>'\d^^ + s^^deB^). ^ " ' 

The analogue of the horizontality condition with the super co-exterior derivative 5 is to 
equate Eqn. (4.2) to the gauge-fixing term 5A—{d- A) (i.e., 5 A — 5 A). This restriction 
leads to the following conditions on the superfields 

de^ + d-e^ = 0, a,$ = 0, 5^-5' = 0, , . 

+ E^^deB'' = 0, + E^^d-eB- = 0, ^ 

and an additional restriction on the local field components of the expansion (3.4) for the 
bosonic superfield B^{x,e,e). The latter conditions are 

d-R^O, d-R^O, d-S^O. (4.4) 

The solutions for the restriction (4.3) are listed below 



Rf,{x) = -E^,d''C{x), R^{x) = -e^,d^ C{x), s (x) = 0, 
{x) = + E^, E{x), s {x) = 0, {d- A) {x) = 0, 



(4.5) 



which automatically satisfy the restrictions (4.4). It will be noticed that the choice of the 
signs in the expansion(3.4) are such that the restriction dg^ + dg^ = is satisfied trivially. 
In terms of solutions (4.5), the expansion (3.4) can be re-expressed as 

B^ {x, e, e) = A^{x) - e e^, d^c{x) - e e^, d'C{x) + ieeE^^d'^ e{x), 
^{x,e,e_) = c{x)-ieE{x), (4.6) 
$ {x,e,e) = c{x)+ ieE{x). 
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It is worth pointing out that the above expansion can be directly obtained from the defini- 
tion of * operation in Section 2 (cf. Eqn. (2.6)). Now exploiting dual- and anti-dual BRST 
symmetries (discussed in Sec. 2), we can rewrite Eqn. (4.6) as 

{x, e, 9) = Ai,{x) + 9 {sdA^{x)) + 9 {sdA^{x)) + 9 9{sdSdA^,{x)), 
^{x,e,e) = C{x)+ 9 {sdC{x)), (4.7) 
^{x,9,9) = C{x) + 9{sdC{x)), 

which is the analogue of Eqn. (3.10) of the previous section. We summarize this section 
with the following comments: (i) (anti-) co-BRST symmetry transformations are generated 
along the 9- and 9 directions of the supermanifold. (ii) The translation generators along the 
Grassmannian directions of the supermanifold are the conserved and nilpotent (anti-)co- 
BRST charges, (iii) For the odd (fermionic) superfields, the translations are either along 9 
or 9 directions (unlike the bosonic superfield where translations are along both 9 as well as 
9 directions), (iv) Comparison between (3.10) and (4.7) shows that the (anti-)BRST trans- 
formations are along {9)9 directions for the odd fields {C)C. On the contrary, the (anti-) 
co-BRST transformations are the other way around, (v) A single restriction 5A — SA pro- 
duces co-BRST- and anti-co-BRST symmetry transformations for the Lagrangian density 
(2.1). Thus, the mapping is: S <^ {Qd,Qd) but the ordinary co-exterior derivative S is 
identified with Qd alone because it decreases the ghost number of a state by one [11,12,17] 
as 5 reduces the degree of a given form by one on which it operates [7-10]. 

5 Discrete symmetries 

We have discussed a few discrete symmetries at the fag end of Sec. 2. Now we exploit these 
discrete symmetries vis-a-vis our superfield expansion (3.4). We emphasize the fact that, 
for the BRST- and dual BRST symmetries, we have shown that: s{x) — 0, s{x) = in the 
expansion (3.4). Thus, we shall now be concentrating on (3.4) only for this case. First of 
all, it is straightforward to verify that under the following discrete transformations 



C ^±iC, _C ^_±iC, E^±i{d-A), {d_-A)^±iE, d^^±ie^^d\ 
9 —9^ 9 > —9, Rn > ~Rij,, R/j. ~Rix-i (S*^, A^j^ > A^, 



(5.1) 



the superfields in (3.4) undergo the following change 

^x,9,9) ^±i^(x,9,9), ^x,9,9) ^ ±i^x,9,9), B^{x,9,9) ^ B^{x,9,9). (5.2) 
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Furthermore, it can be trivially checked that the above transformations still satisfy: $ 
0, $^ = 0, + = and [B^, By] = 0. Yet another interesting point is to see that in the 
limit: 9^0, ^ — > 0, the above transformations reduce to : C — >■ ±iC, C ±iC, A^ ^ Aj^. 
Thus, transformations (5.2) are the generalization of the discrete symmetry (2.6). A close 
look at the expressions for R^, R^, in equations (3.9) and (4.5) allows us to write down 
the Hodge decomposed versions for these 2D fermionic {R^, R^)- and bosonic (S*^) vectors 
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(appearing in the expansion of the bosonic superfield Bfj,{x, 9, 9)) as 

R^, = d^C + e^,d^C, R^ = d^C + e^,d''C, = {d ■ A) - e^^d'^E, (5.3) 

which are solutions to the transformations: i?^ —Rfj^^R^ —^^,5"^ Sf^ under the 
discrete transformations (2.6). However, it is interesting to note that the r.h.s. of the 
expression for S*^ is the equation of motion for the 2D photon: d^F^^ + d^{d- A) = Q (with 
F^^ — E). Thus, 5"^ turns out to be zero on the on-shelL It can be checked that — 
—e^„nA^ also transforms as under (2.6) because □ ^ □ under — > -^ie^„d'' . 

Now let us concentrate on the discrete symmetries: C C, E —E, [d ■ A) —{d • A) 
that connect BRST- to anti-BRST- as well as co-BRST- to anti-co-BRST symmetry trans- 
formations. The generalized version of these symmetries, vis-a-vis our superfield expansion 
(3.4), is: 

C^C, (d-A)^-{d-A), E^-E, 
9^9, R^i ^ —Rui Rn ^ ~Rti, Sfj, 5'^, 
under which the superfields transform as 

$ ^ (d-B) ^ -{d-B), -ei'^'d^B^ ^ e'^^'d^.B^. (5.5) 

It will be noticed that in the hmit ^ ^ 0, ^ ^ 0, we get back our original discrete symme- 
tries: C <-> C, (5 • A) — (9 • A), —E. It is interesting to point out that the solutions 

(5.3) are no longer the appropriate solutions for the present case. In fact, taking the help 
of (3.9) and (4.5), now the solutions for the 2D fermionic vectors are 

= - e^^d'^C, R^ = -d^C + e^^d'^C, (5.6) 

which are nothing but the orthogonal Hodge decomposed version of the corresponding so- 
lution in (5.3). Now, for the present case where {d ■ A) ^ —{d ■ A), E ^ —E, it is clear 
that any arbitrary linear combination: = P d^{d ■ A) + Q e^ud'^E (where P and Q 
are some c-number constants) would lead to 5'^^ = for the requirement S/^ — > Sfj_ (cf. 

(5.4) ) to be satisfied. The origin for the existence of the (anti-)BRST- and (anti-) co-BRST 
symmetries in the theory is encoded in the orthogonal relations (5.3) and (5.6) for the 
Hodge decomposed versions of R/^ and R^. In fact, these relations show that d^C{d^j^C) 
and e ^^d^ C {e ^vd^ C) are the separate and independent symmetry transformations for the 
Lagrangian density (2.1). In the language of the BRST cohomology and HDT, this is the 
logical explanation for the existence of (anti-)BRST- and (anti-) co-BRST symmetries for 
the Lagrangian density (2.1) of a free 2D Abelian gauge theory. 

6 Super Laplacian operator and bosonic symmetry 

For the sake of brevity, we shall consider the expansion (3.4) for the case s{x) — s{x) — 0. 
The analogue of the horizontality condition w.r.t. super Laplacian operator A is 

Ai = AA, K^d5+~5d, A^d5 + Sd. (6.1) 
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It is obvious that A A = dx^ [ d^{d ■ A) — e^^d^E ] = dx^^ ^A^. Now we can check that the 
l.h.s. of (6.1) (with 5 — —* d*) can be rewritten as 

d(5A) = dxP dp (6 A) + de de {5 A) + dd dg {5 A), 

~5{dA) = dxP Spx [*idA)] - de de [*{dA)] - d0 de [*{dA)], ^ ' ^ 



where the exphcit expression for the term in the square bracket is 

i{dA) = e^'''dpB, + e'^%d^^-deBp)+e''%dp,^-deB^)-s''%dg^) 
- s'^^de^) - s^^ide^ + dg^). 



(6.3) 



Equation (6.1) can be expressed in a more transparent way as follows 

dxP[ dp (M) + Epx d^ {i{dA)} ]^dxPa Ap, (6.4) 

de [ de (SA) - de {*idA)} ] = 0, (6.5) 
de [ de {6 A) - de {i{dA)} ] = 0. (6.6) 
The last requirement in the above equation leads to the following restrictions 

d-S^O, e'^'^d^S, = 0, d-R^ s^^'^d^R,, = -d^(d -A), S^ = e^^d'^E. (6.7) 

It is clear that R^ — Sf^^R'^ and the two expressions for S'^ lead to 

= -I [^^^id ■ A) - e^^d^El d,{d ■ A) + e^^d^E = 0, (6.8) 

where the r.h.s. of Sp is nothing but the equation of motion for the 2D free photon. The 
latter equation is not invariant under the "duality" transformations (2.6) and R^ — e^iiRy 
is satisfied for the solutions (5.3) as well as (5.6). The condition (6.5) leads to 

d-S^Q, e^^'^d^S^^Q, d-R^e^'^dpR,, Sp ^ -d^{d ■ A), Sp ^ Sp^d'^E. (6.9) 

It is evident that now Rp = Sp^R^ and the two expressions for Sp lead to the same con- 
clusions as in (6.8). In fact, equation (6.8) implies that all the conditions on Sp (i.e. 
a • 5 = 0, e^'^'dpS^ = 0, aSp = 0) are satisfied because a{d ■ A) = and DE = 0. 
The consistency with the equation of motion, however, implies that S'^^ = on the 
on-shell. Furthermore, the requirement of duality invariance of the latter equation in 
(6.8) forces us to choose: dp{d - A) — 0, Ep^d^E — 0. As an operator equation, the 
more stringent restrictions: (d ■ A) =0 and E = are expected because if we choose 
the harmonic states to be the physical state of the theory then Qb\phys >= (with 
Qb = Jdx[do{d ■ A)C - {d ■ A)C]) and Qd\phys >= (with Qa = J dx[Ed - EC]) 
imply that {d ■ A)\phys >= and E\phys >= [11,12,17]. Now, Eqn.(6.4) yields the 
relations: dx^ OBp = dx^ OAp ^ aRp = nRp = nSp = 0. Setting the coefficients of 
(dx'^s^^), [dx^s^^] equal to zero leads to: dp{d ■ A) — Spxd^E — which, once again, estab- 
lishes the fact that S'^^ = in (6.8). The operator equations: {d ■ A) ~ 0,E — also imply 
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the same. Note that the coefficient of {dx^s^^) leads to no new restrictions as choice of 
signs in the expansion (3.4) satisfies it trivially. Lastly, setting the coefficients of [dx'^e'^^) 
and {dxPe^^) equal to zero leads to 

d^ispxd^C - d,C) = Spxd'^R^ + d.ie^.Rn, (6.10) 
d^[e,xd\d-A)-d,E] = -[e^^d^S^ + d.ie^^S'']. 

The last equation is satisfied due to {d ■ A) = 0, E = 0,d ■ S = 0, e^^d^j^S^ = 0. It is clear 
that for 9 • A = 0, ^ = 0, we obtain 5^ = in (6.8). However, there is another choice 
5"^ = —EniyOA'^ that remains invariant under both the discrete symmetries (5.1) and (5.4) 
but vanishes on the on-shell {OAfj_ — 0). The other two coupled equations for the fermionic 
vectors (with i?^ = Sfj.uR'^, Rfj. — Sfj.uR'') are satisfied for the choice of Hodge decomposed 
versions (5.6) with the restrictions R^^ = R^ = 0. More precisely, these equations lead to: 
Rfi = d^C — e^yd^C — and dfj,Ru + Sfj^xd^Ry = 0. Thus, ultimately, we have obtained: 
Rf, = 0,R^ = 0,Sf, = -e^yUA'^.d ■ A = 0,^ = 0. With these values together with 
s{x) = s{x) = and the observation that (s-^A^ = —e^^OA"), we have expansion (3.4) as 

B^{x, e, 9) = A^{x) + iee{s^A^{x)), $(x, 9, 9) = C{x), ^(x, 9, 9) = C{x), (6.11) 

which shows that there arc no transformations for the (anti-)ghost fields but the gauge field 
A^ alone transforms to its own equation of motion (cf. Sec. 2) along the {99) direction. 

7 Conclusions 

We have demonstrated the existence of some new local symmetries by exploiting the math- 
ematical power of the super de Rham cohomology operators of differential geometry defined 
on a (2 + 2)-dimensional compact supermanifold. As conserved and nilpotent (anti-)BRST 
charges {Qb)Qb ai'c connected with the super exterior derivative d [3,4], in a similar fash- 
ion (anti-)co-BRST charges {Qd)Qd ai'e connected with the super co-exterior derivative 5. 
These nilpotent charges turn out to be the translation generators along the Grassmannian 
directions of the supermanifold. A bosonic charge Qyj is shown to be related with the super 
Laplacian operator A. This charge turns out to be the translation generator along the 
bosonic direction (which is equivalent to a couple of intertwined Grassmannian directions) 
of the supermanifold. The mapping between super operators ((i, 5, A) and the local con- 
served charges is: d <^ {QbiQb),^ ^ {Qd-iQd),^ Qw The analogy between the ghost 
number of a state in the quantum Hilbert space and the degree of a differential form al- 
lows one to relate the ordinary dc Rham cohomology operators (rf, 5, A) with the conserved 
charges as: d <^ {Qb, Qd),S ^ {Qd, Qb), ^^Qw = {Qb, Qd} = {Qh, Qd]- In the setting of 
the superfield formulation, the above mappings find their geometrical interpretation. The 
interplay between the discrete- and continuous symmetries of the theory allows one to write 
down the Hodge decomposed versions for the 2D fermionic vectors which provide an un- 
ambiguous explanation for the existence of (anti-)BRST- and (anti-)co-BRST symmetries 
in the theory. It would be nice to extend these ideas to the interacting case [14,15]. 
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